Tabish Qureshi

Quantum Mechanics: Time-Independent Per-
turbation Theory

= Static weak disturbance of a system

By now it is very clear that we are able to calculate the eigenvalues and eigenfunctions
of a very limited number of systems. For example, if a particle governed by a Harmonic
potential, the Hamiltonian is given by H = $2/2m + 1/2mw?x2, and can be solved easily.
On the other hand, if the Hamiltonian is something like H = p2/2m + 1/2mw?x? + ax?,
one cannot find the exact eigenfunctions and eigenvalues. However, if a is much smaller
than 1/2mw?, we expect that the particle will broadly behave like a Harmonic oscillator, but
with some small variations. The question is, can one get an approximate solution in such a
situation? The answer is yes, and the time-independent perturbation theory provides a
method for doing that.

Let us assume the system is governed by the Hamiltonian

ﬁ = I‘AIO + Aﬁl,
where the effect of FIl on the system is assumed to be very weak. The sense in which it
is assumed to be weak, will be clear in the following discussion. For now it is sufficient
to assume that the effect of H12 will be smaller than that of H;. The parameter A is not
assumed to be small - it has been included just to keep track of the order to which the

effect of H is being used. For example, the presence of A3 will indicate that one is using
terms like Hf’ or something equivalent. In the end we will put A = 1. Let us assume that

the eigenfunctions and eigenalues of Ay are known:

Foldny = EQlpn), (1)

where |¢,), Efqo) are the eigenstates and eigenvalues of the unperturbed Hamiltonian H,
respectively. Consequently, (¢, |¢n) = 0.m. We are interested in the eigenstates and
eigenvalues of the full Hamiltonian H:

H|¢n> = (I:IO + AHl)th) = En|¢n>- (2)

The basic idea of perturbation theory is that the full eigenstates |i)) and eigenvalues E,
can be expanded in the parameter A:

n)=l) + Ay + A2y + 22 +
E,=EY + AEW + A2E@ 4 A3E®) 4 (3)

where the superscripts (1), (2), (3) ... represent terms with progressively weaker effect of
the perturbation. Inserting the series form in the time-independent Schrddinger equation
for H, i.e. (2), we get

(Ho+ AR () + Ay + .. = (B + AEY + (0 + Alpyy +...) (@)
Next we equate same order terms in A on both sides, and get

Holp'\Dy=E© |y (zero'th order in 1) (5)

Holp'Dy + A |y y=EQ 9Py + EP 1) (1st order in A) (6)

Aolp\?) + A lp Y =ED 102y + EP [y + EP 19y (endorderinA)  (7)
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Comparing (5) with (1), it is clear that |¢(0)> = |¢). Using this, and multiplying (6) by (¢4/,
we get

(Dl Aol ) + (Dl Aal ) = EShulipl) + E bl b
It is easy to see that (¢n|H0|1/1(1) = (PulHo (S |om){Pml) |¢(1)> = E(O)<¢n|¢(1)
which simplifies the above equation to
ES = (¢ulfhlin),

which tells us that the change in the energy of the n’'th energy level, due to the perturbing
term, is just A<¢n|ﬁ1|¢n). Assuming that A = 1, we have a very simple result for the
change in energy, namely, that the change in energy is just equal to the expectation value
of the perturbation term Hj, calculated using the unperturbed eigenstate corresponding to
that energy level.

If one considers the normalization of an eigenstate of the system including the perturbing
term, |¢,) = |1p(0)> + Altp(l)) + /\2|1P(2)> + ..., it can be done in many ways. The most
convenient way is to assume (¢, |y,) = 1, which leads to

(DulDy = 0 = (Pup?) = (PulypP) =

In order to obtain the first order change in the eigenstate of the system, we multiply (6) by
(¢dm| (such that m # n), to get

(Pl Holp') + (@ulFalpn)=EL(pm [ 0D) + EP (Pl
ED (bl + (ul Frlpn)=EL( Pl )

) {PmlHildn)
(Pmly )= W- (8)

Since we know that any state can be expanded in terms of the complete set of eigenstates
{ldn)} as |x) = Xl Pmlx)dm), the state |gb,(11)> can be represented as

) —Z<¢>m|¢‘”>|¢m> =2, @;Zg)—”%mm ©)

m(#n) “n

The m = n term is zero because (qbnhb(l)) = 0. One would notice that the term E,(qo) — E,(f;)
in the denominator has to be nonzero, which ruled out situations where two different states
may have the same energy. Thus, this procedure applies only to non-degenerate systems.
Thus, the first order correction to the n’th eigenstate of the system can also be calculated.
The approximate eigenstates and eigenvalues, to first order in perturbation, can then be
written as (assuming A = 1)

E, ~ EY 4+ (¢u|Fl¢n),
m I:I n
P ~ g+ Y IO (10)
m(#n) E," —En

= Sccond order effects

In the preceding analysis we discussed the effect of perturbation on the system up to first
order. Sometimes one needs more accuracy than that, or more commonly, sometimes
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the first order change in energy is zero. In such a situation one would like to calculate the
effects of perturbation up to second order. The second order change in energy can found

by multiplying (7) by (¢, |. Doing that, and remember that (qbn|¢(1)> = <¢n|¢(2)> we
get

EY = (¢ulBp)))
Using (9) we get

EX=(gul Y “Eb;’;)—l"ﬁ;';mbm

m(#n) n

_ Z |<¢m|ﬁ1|¢n>|2
EY —Ey

(11)

m(#n)

Second order correction can be calculated if one can evaluate all the matrix elements
(Pm|H1|pn). Ininteresting thing to notice is that if E;O) is the ground state energy, meaning

n is the lowest energy level, all E,(S) will be larger than it, making the second order correction
necessarily negative.

= [)cgenerate states

It is clear that the above procedure breaks down when there is degeneracy in the energy
eigenstates of the unperturbed Hamiltonian Ho. Dealing with such a situation is not always
easy. The general idea is that if two states |, ), |p,,) are degenerate, with an energy Eg?,
any linear combination of these two is also an eigenstate of Ho, with the same eigenvalue.
Thus, instead of |¢y,), |Pn,), One can choose two eigenstates |xy, ), | xn,) which are linear
combinations of ¢y, ), |¢n,). These states are chosen such that H; is diagonal in that
sub-basis. If the eigenvalues of H; in the basis |Xni), | Xn,) are €1, €2, inserting these
states in (2), we get

(I:IO+1211)|XH'> = Eml)(m)
EQlxn) +€ilxn) = Enlxn)
E, = EVve, i=1,2. (12)

Thus the energy of the two levels, to first order in the perturbation, is given by E;;, = E,(f)l) +€1

and E,;, = E,(Pl) + €>. The two states which were initially degenerate, are no longer so due
to the perturbation. The perturbation lifts the degeneracy.

On might wonder if Hy and H; do not commute, how is it possible to find states which are
eigenstates of both. It is true that in general this cannot be done, but in the subspace of a
few degenerate eigenstates, the matrix for Ho is effectively a unit matrix. In this special
situation, this can be done. For a detailed discussion, the reader is referred to Quantum
Mechanics by N. Zettili.
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