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= Scattering as time-dependent perturbation

Scattering is normally viewed as a particle coming from a distance and briefly interacting
with a fixed scatterer, and the moving far away. This is pictorially depicted in the figure.
One would naively imagine treating a localized particle

moving in time, briefly coming clode to the scatterer, and Outgoing
then moving away. However, in quantum mechanics
the incoming particle is treated as a plane wave, which
in effect means that the particle is spread out over all
positions, and the scattering potential is switched on at a
specific time. One may want to consider the particle long .
after this time. Before interacting with the scatterer, the Scatterer
particle is assumed to be in a stationary state of the “free”

Hamiltonian, and after the scatter too, it is assumed to be found in one of the eigenstates
of the free Hamiltonian. So, the problem essentially becomes that of a time-dependent
perturbation, and it's Hamiltonian can be written as

Incoming

H=Hy+V(r), (1)

where Hy most commonly is the Hamiltonian of a free particle, i.e., Hy = p2/2m

Guessing a solution

The equation one has to solve then, is

(Ho + V(1) |¢) = ElY), (@)

where E is an eigenvalue of the full Hamiltonian. The above equation can be manipulated
to put in the following form:

(E—Ho)[y) =V()|y), (3)
so that we can write a formal solution as
V) = g VOl (4)

It is quite obvious that fraction is in a danger of accidentally becoming singular. We can
remedy that by adding an infinitesimal complex number to the denominator:

1
Yy = mv(r)W)- (5)

Now, if we know that before the perturbation V(r) is applied, the system is in an “initial"
eigenstate of Hy, say, i), we can add it by hand,

[) = i) + V(nly), (6)

E—-Hy+ie
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becuase when V(r) = 0, the state is [¢) = |i). Equation (6) is known as the Lippmann-
Schwinger equation. That, of course, was a very ad-hoc way getting to it, although it
turns out to be the right equation in the end.

The interaction picture

We will first recall the interaction picture, which is very useful in studying time-dependent
perturbation theory. If the system is governed by a Hamiltonian which has the following
form:

H=Hy+V(t), (7)

where V (t) is a time-dependent perturbing potential. We can define a state and operator
in the interaction picture as follows:

[W(0)r = ™l Y(t)y Ay = Mot Ae ! (8)
One can write a Schradinger-like differential equation for |i(t)); from (8)
_ dP(t))
n 28y g ey ©)
A formal solution to the above would look like
[Y(t))r = U ()] (0));- (10)

Time-dependent perturbation theory

Here we will follow a more rigorous approach to studying the problem of scattering. Suppose
after the scattering, at time ¢ the system is in a state |¢/(t)). We seek the probability that it is
found in the eigenstate of the unperturbed Hamiltonian, |n(t) = e"Hot|»). The probability
amplitude is given by

(n(OY(E)y=(nle™ ()
=(n|p(t) (11)
Using (9) we can write

ol N, i ! AN 747
/tont ——£/ Vil(t'))dt

to
t

Y0 = 19O=3 [ Vilowdr

fo

P
V=) =5 [ Vil ar (12)

With all the formalism in place, we now turn back to our problem of scattering where the
particle is assumed to be in an initial state |7), such that Hy|i) = E;|i). We assume that at
time t( the perturbing potential V(r) is switched on. The probability amplitude of finding
the system in a state |n(t)), such that Hy|n(t)) = E;|n(t)), is given by

it
(n|(t) = (nli) — £/t (n|Vi|g(t'))dt’ (13)
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The state of the system at time ¢ can be written in terms of the state at time t = 0, as
follows:

[Y(t))1 = Uj(t, to)|P(0))r = Uy(t, to)li), (14)

which can transform our equation of interest as

.t
(n|U(t, to)liy=(nli) - % (n| VU (', to)li)dt’

fo

. t
. 1 , N
=(nliy= Y 7 [ lVilm)(mlUi(t’, w)li)dt
m to
. t
=(nliy= "5 [ (nle™o Ve ol ) (UL (F, to))i)dt’
to

.t
=muw—§}mvmw—/'awwxmuanMHMﬂ, (15)
to

where w,,;, = (E, — E;;)/h. At this stage we would like to recall the transition amplitude
that is calculated in the first-order perturbation theory, which leads us to the very useful
Fermi golden rule. That transition amplitude is given by

.t
(n|U (¢, to)li) = (nli) - <n|V|i>% e'omt'dy’. (16)

to

We insist that we would like to put (15) in the form (16). We conjecture the following form
for (15): t
(alti, 10y = (uli) = Ty [ et (17)
to
where T,,; are certain matrix elements which are supposed to play the same role that
Vai = (n|V]i) play in the Fermi golden rule. Right now we do not know what T,,; are, but
we will seek a solution for them. We may also be interesting in looking at our system long
after the scattering has occured, which means ¢ could be long back in the past, close to
—o00. However, the integrand in the above being oscillating, it is difficult to find a convergent
solution. We remedy this problem by adding a small term (t’ in the exponent. This will
make the integrand go to zero as ty — —oo. Of course in the end we will put C = 0. At the
current time, Ct ~ 0. Thus the above equation can be recast as

. t
(n|U;(t, to)|i)=(n|i) —Tm-i/ plwnit’+Ct 47
fo

/)
ieia)nit’-r(;t’ t
=nliy=Ty;i ————
i) = Toi 37|
eiwnit
=(n|i) + Tpi—————— 18
(nli) m—ha)m- FihC (18)

In the following we use € = h(. We subsitute U;(t’, tp) in the integral on the RHS of (15),
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by (18), which leads us to

i t : ¢ 1 t . ¢ eiwmit
N\ — AN _ 1Wnm ; . lwgymt" ___— 4/
e D=0k = Y rIVimg, [ e iy VT [0
—(nliy — (n| Vi)~ / “"”'tdt’+ZV _ Twi ! / el gy
nm—ha)m1+1€h
. pt
i A
= — V VvV L lwpit dt’ 19
=(nli) — | (nl |z>+§ (n|V|m) hwmﬂe)h/toe (19)
Comparing the above with (17), we conclude that
Tui = (V) + (V) (20)

This is a system of linear equations, with as many equations as the number of unknowns.
Solution would mean T,,; will be expressible as a linear combination of V,,,,;:

Toi = ) (n|VIm)cum, (21)

where c,,,,, are certain constants. We conjecture that there is a state |¢;‘> such that ¢, are
its expansion coeeficients in the basis {|m)}, i.e., [7) = 3; cnjlj). Thus cpm = (m[¢]).
The above equation can then be written as

Toi = (n|V Y m)cum = (n|VIy}). (22)

There is a label i on |1pj) because c,,; will be different for each T),;. Equation (20) can
then be written as

(n|VIp7)= <n|V|1>+Z<n|V|m> —(m|VIp7)

=<n|V|i>+;<n|Vﬁ|m><m|V|¢ )

=<n|V|z'>+;<n|vm|m><m|vw:>

=(n|V]i) + (n|V VT (23)

Since the above must be true for all |7)

VIpH)=VIi) + valm,
1

or

+\_|; 1 +
9=l + g2 VIV @5)
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This is the Lippmann-Schwinger equation, guessed earlier in (6). So we see that the
Lippmann-Schwinger equation comes out by treating scattering as a time-dependent
perturbation. Wave-function is straight-forward to calculate from the above:

Yi(n)=(rly?) = (rli) + MmVlW)

1
=<1’|i>+/d1‘,<1’|m|1’/><1’,|v¢;—>. (26)

Assuming that we are dealing with free particles coming and getting scattered, the unper-

turbed Hamiltonian Hy = ﬁpz, such that Hylk) = h;’;lz |k). We introduce a complete set

of momentum states (3. |k"){k’| — (2711)3 fdk’lk’)(k’l ) in the above to get
(=0l + [ ar s [k e R V)
vilr)= 2n)? E;— Ho +ie Vi

. ’ 1 ’ ’ 1 1w ’ +
=(r|i) + /dr PISE /dk (r|k >h2k2/2m Ty — ie<k [P ) (' [VT)

—(rli) + / iy’ — / dK’ el [V
B (2m)3 n2k2/2m — h2k”2[2m + ie i

:(rli)+/dr'G+(r,r')(r’|V1,b;’), (27)

K , .
where G,(r, ') = ﬁ fdk’% is called the Green’s function.

= The Scattered Wavefunction

Wave-function is straight-forward to calculate from the above: Assuming that we are dealing
with free particles coming and getting scattered, the unperturbed Hamiltonian Hy = %pz,

such that Holk) = ZE k).

2m
(el y=trliy + 3 [ dr Gt )@V
0HO=iner) + 22 [ Gt W0, 8)

r—+')k’

where G.(r, ') = ﬁ fdk’% is called the Green’s function.

The 3-dimensional integral over momentum can be represented in spherical polar coor-

dinates as, [ dk’ = [ k”dk’ fon sin 0'd 6’ Ozn d¢’. Additionally, the momentum coordi-
nates can be so chosen that 6’ is the angle between k” and r — ¢/, so that (r — #’) - k’ =
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|r — #’|k cos O’. Thus the Green’s function has the form
) 1|r 1’|k’ cos 6’
Gi(r, )= (2 )3/ k'“dk / 2 e sin 6'd 6
) z|r |k u
k'=dk’ —d

(27'5)2 / / K2—k2+ie

0 k2 z|r |k’ _ —i|r |k’

/ dk’

(27'()2 0o kZ—k?+ie ilr — vk’

~ 1 / K ilr—v'|k’ K (29)
CQn)2ilr -1 Jow K2 = k2 + i€

where integration variable u = cos 6" was chosen. It is now time to mention the reason for
putting super- and sub-scripts "+" on |¢*) and G..(r, r’). By the taking a complex conjugate
of equation (28) on can also study scattering backwards in time. In this situation, the
state will be |¢~) and the Green’s function G_(r, ") will have a —i¢’ instead of i€’. In the
following analysis, we will only consider scattering forward in time, and hence drop the
subscript "+"

Now the integrand in G.(r,’) has poles at k’ = k + ie/2k and k' ~ —k — ie/2k. The
integral can be evaluated by the method of residues using contour integration. If we use a
semicircular contour in the upper part of the complex plane, it will contain only one pole
at k’ = k + ie/2k. The other pole at k¥’ = —k — ie/2k, lies in the lower part, outside the
contour. The value of the integral will be 27ti X residue:

00 k/ei|r—r’|k’ —
’ oL YT
[ = e ©0)
The Green’s function now simplifies to

, ei|r—r’|k
G+(1’,1" ):—m. (31)

The expression for the scattered wave also simplifies to

ilr—r'|k
V=pinelr) = 51 [ Ve 2

Asymptotic limit

Now that we have a general expression for scatter wavefunction, we consider the realistic
situation where the detector (at position r) is kept far away from the scatterer, in the sense
that the range of the scattering potential is short compared to ». The integral over #” will
effectively be confined to only those value of #” where the potential is nonzero. So, for a
detector kept far away from the scatterer, we have the situation r < r" or r/r’ < 1. So,
we can use the following approximations

ily—v" 1 —p7)2 1 2_Dpop! 442 i Dy’ |12 7 )2 ikr— ! ikr=k-r’
€z|r r|k=ezk (r—1") =ezk\/r 2r-1'+r =€zkr\/1 2r-v' [r2+(r" 1) zelkr k(r/r)r =elkl’ k-r
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and ~. The asymptotic expression for the scattered wave assumes the form

[r=r'] fl

eikr

P(r)=tinc(r) - % / e KTV () dr . (33)

It should be mentioned here that the integral in the above equation no longer depends on
r. It only depends on the angles 6, ¢ corresponding to r.

Scattering Amplitude and Cross Section

If the incoming wavefunction is a plane wave, say Ae’ko"| (41) has the form

) 1kr
(r)=A |etkor — f(@ d)|, (34)

where f(0, ) = 52 [ e~V (r")ip(r')dr’. In (34) the first term on RHS represents the
incoming plane wave, and the second term represents an outgoing spherical wave e /r,
times an amplitude (6, ¢). Thus f(0, ¢) can be interpreted as the scattering amplitude.

The number of particles scattered into a solid angle element 4Q, which is just short for
sin 0d0d ¢, is proportional to an important quantity, the differential cross section. The
differential cross section, represented by 76 Is defined as the number of particles scattered
into an element of solid angle dQ in the direction given by 0, ¢, per unit time, per unit

incident flux:
do 1 dAN(6,9)
dQ ~ Jine dQ 7
where Ji,, is the incoming flux of particles. For a given state () the flux density is defined
as

(35)

ih
= — (VY= uY'V 36
J =5 (VY = y"VY) (36)
Using the above definition, the magnitude of incoming flux density is given by
hk
Jine = AP, (37)
and the magnitude of scatterd flux density, in the direction 0, ¢, is
hk
—1A12
Jser = AP (38)

The number of particles scattered into a solid angle d(2, and passing through an area
element dA = r2dQ, per unit time, is given by

2hk

AN(0,9) = Jserr®dQ = |AP 2| (0, ¢)[*dQ. (39)
The differential cross-section then turns out to be
do 1 dN(0,¢) k& )
ToR o AR O 40
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= Born approximation

Although we have obtained expressions for the scattering amplitude and the differential
scattering cross-section, we cannot calculate them yet, as f(0, ¢) involves the scattered
state 1(r), which we do not know yet. We can make an approximation by replacing the state
Y(r)in (O, ¢) by the incoming state ¢;,.(r). This is called the first Born approximation.

m eikr —ik-r’ ’ ’ ’
Y(r) = Pinc(r) — 2 /e * V(") inc(r')dr
. ikr ) ,
= et - T / e/ kT (1) (41)
Tt

If the scattering is elastic, k = ko, although k # kg. Also, |ko—k| = \/k(z) + k2 — 2kok cos O =

2k sin(6/2). The scattering amplitude and the differential cross section can now be written
as

f(ez (P) — _2’:17 / ei(ko—k)-r’V(r/)dr/ (42)

and

do m? N o
10 - 1£(6, )% = 47254 /el(ko VTV (r)dr

In the 3-dimensional integral over #’, integrals over the angles can be carried out to get
reduced expressions for f(6, ¢) and 5—5.

(43)
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